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TRANSFER OF PLANCHEREL MEASURES FOR UNITARY SUPERCUSPIDAL
REPRESENTATIONS BETWEEN P -ADIC INNER FORMS
KWANGHO CHOIY
Abstract. Let F be a p-adic field of characteristic 0, and let M be an F -Levi subgroup of a connected
reductive F -split group such that Πr
i=1
SLni ⊆ M ⊆ Π
r
i=1
GLni for positive integers r and ni. We prove
that the Plancherel measure for any unitary supercuspidal representation of M(F ) is identically transferred
under the local Jacquet-Langlands type correspondence betweenM and its F -inner forms, assuming a working
hypothesis that Plancherel measures are invariant on a certain set. This work extends the result of Muic´
and Savin (2000) for Siegel Levi subgroups of the groups SO4n and Sp4n under the local Jacquet-Langlands
correspondence. It can be applied to a simply connected simple F -group of type E6 or E7, and a connected
reductive F -group of type An, Bn, Cn or Dn.
1. Introduction
The theory of Plancherel measures is well known for real groups [1, 22, 29]. Arthur gave an explicit formula
of the Plancherel measure in terms of Artin factors [1]. It follows from the local Langlands correspondence
for real groups [36] that Plancherel measures are invariant on L-packets, and they are preserved by inner
forms. Plancherel measures thus turn out to be identical if they are associated to the same L-parameter.
For p-adic groups, however, the behavior of the Plancherel measure is not completely understood. Al-
though the Lefschetz principle [20] conjectures that what is true for real groups is also true for p-adic groups,
the L-packet invariance of the Plancherel measure is currently known only for some cases [27, 42, 15, 16,
17, 2, 14, 10]. Also, it was proved that the Plancherel measures are preserved by p-adic inner forms for the
following cases in characteristic 0. Arthur and Clozel proved the argument for discrete series representations
under the local Jacquet-Langlands correspondence between GLn and its inner forms [3]. The author also
verified it for depth-zero supercuspidal representations associated to tempered and tame regular semi-simple
elliptic L-parameters with an unramified central character between an unramified group and its inner forms
[10]. The approaches in both of two results are based on p-adic harmonic analysis. For the groups SO4n
and Sp4n, using a local to global argument, Muic´ and Savin proved that Plancherel measures for unitary
supercuspidal representations are preserved under the local Jacquet-Langlands correspondence between the
Siegel Levi subgroup and its inner forms [37]. In a similar way, Gan and Tantono identically transferred
Plancherel measures attached to supercuspidal representations having the same L-parameter from the Levi
subgroup GLr ×GSp4 of GSp2r+4 to its inner forms [17].
The purpose of this paper is to prove that Plancherel measures attached to unitary supercuspidal repre-
sentations are preserved under the local Jacquet-Langlands type correspondence (defined below), assuming a
working hypothesis that Plancherel measures are invariant on a certain set. To be precise, let F denote a
p-adic field of characteristic 0, and let M be an F -Levi subgroup of a connected reductive F -split group G
such that
(1.1) Πri=1SLni ⊆M ⊆ Πri=1GLni
for positive integers r and ni. Let G
′ be an F -inner form of G, and let M ′ be an F -Levi subgroup of G′ that
is an F -inner form of M . Then, M ′ satisfies the following property
Πri=1SLmi(Ddi) ⊆M ′(F ) ⊆ Πri=1GLmi(Ddi).
1991 Mathematics Subject Classification. Primary 22E50, Secondary 11F70, 22E55, 22E35.
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Here Ddi denotes a central division algebra of dimension d
2
i over F where ni = midi. Set M˜(F ) =
Πri=1GLni(F ) and M˜
′(F ) = Πri=1GLmi(Ddi). Denote by E◦u(H(F )) the set of equivalence classes of ir-
reducible unitary supercuspidal representations of H(F ) for any algebraic F -group H .
Given τ ∈ E◦u(M(F )), we have σ˜ ∈ E◦u(M˜(F )) such that τ is isomorphic to an irreducible constituent of
the restriction σ˜|M(F ). Denote by Πσ˜(M(F )) the set of equivalence classes of all irreducible constituents of
σ˜|M(F ). Note that the set Πσ˜(M(F )) does not depend on the choice of σ˜ and is contained in E◦u(M(F )). On
the other hand, we have a unique σ˜′ ∈ E◦u(M˜ ′(F )) corresponding to σ˜ under the local Jacquet-Langlands
correspondence. Let Πσ˜′ (M
′(F )) have the corresponding meaning for the F -inner form M ′. We say that
any two representations σ ∈ Πσ˜(M(F )) and σ′ ∈ Πσ˜′ (M ′(F )) are under the local Jacquet-Langlands type
(JL-type) correspondence. This will be defined more generally in Definition 4.5.
Fix a representative w ∈ G(F ) of a Weyl element w˜ such that w˜(θ) ⊆ ∆. Here ∆ denotes the set of simple
roots of A0 in G, A0 denotes the split component of a minimal F -Levi subgroup M0 of G, and θ denotes
the subset of ∆ such that M = Mθ. We denote by a
∗
M,C the complex dual of the real Lie algebra of the
split component AM of M . Given an irreducible admissible representation σ of M(F ), ν ∈ a∗M,C and w˜, in
Section 2.2, we define the Plancherel measure as a non-zero complex number µM (ν, σ, w) such that
A(ν, σ, w)A(w(ν), w(σ), w−1 ) = µM (ν, σ, w)
−1γw(G|P )2.
Let w′ and a∗M ′,C have the corresponding meaning for the F -inner form M
′ (See Section 2.3 for details).
Working Hypothesis 1.1 (Working Hypothesis 6.1). Let σ′1 and σ
′
2 be given in Πσ˜′ (M
′(F )). Then, we
have
µM ′(ν
′, σ′1, w
′) = µM ′ (ν
′, σ′2, w
′)
for any ν′ ∈ a∗M ′,C.
When G′ is an F -inner form of SLn andM
′ is any F -Levi subgroup of G′, this hypothesis is a consequence
of Proposition 2.4. It is also proved in [10] for the case when the central character of σ˜′ is unramified and
the set Πσ˜′(M
′(F )) is associated to a tempered and tame regular semi-simple elliptic L-parameter.
Our main result is the following.
Theorem 1.2 (Theorem 6.3). Let σ ∈ E◦u(M(F )) and σ′ ∈ E◦u(M ′(F )) be under the local JL-type correspon-
dence. Assume that Working Hypothesis 6.1 is valid. Then, we have
µM (ν, σ, w) = µM ′(ν, σ
′, w′)
for any ν ∈ a∗M,C ≃ a∗M ′,C.
As a corollary to Theorem 1.2, we obtain the invariance of Plancherel measures on the set Πσ˜(M(F )).
Our approach to prove Theorem 1.2 is a general version of the local to global argument by Muic´ and
Savin in [37]. First, given local data F , G, G′, M , M ′, M˜ and M˜ ′ above, the following theorem allows us to
construct a number field F, F-groups G, G′, M, M′, M˜ and M˜′ with prescribed local behavior.
Theorem 1.3 (Theorem 5.4). Let F be a p-adic field of characteristic 0, let G be a connected reductive
quasi-split F -group and let G′ be its F -inner form. Then, there exist a number field F, a non-empty finite
set S of finite places of F, a connected reductive quasi-split F-group G and its F-inner form G′ such that
(a) for all v ∈ S, Fv ≃ F , Gv ≃ G, and G′v ≃ G′ over Fv,
(b) for all v /∈ S including all the archimedean places, Gv ≃G′v over Fv,
where Gv and G
′
v denote G×F Fv and G′ ×F Fv, respectively.
This theorem is proved by local and global cohomological results in [30, 38].
Second, we find a finite set V ⊇ S and two cuspidal automorphic representations as described in the
following Proposition.
Proposition 1.4 (Proposition 6.9). Let A be the ring of adeles of F. Suppose σ ∈ E◦u(M(F )) and σ′ ∈
E◦u(M ′(F )) are under the local JL-type correspondence. Then, there exist a finite set V of places of F
containing S and all archimedean places, and two cuspidal automorphic representations π = ⊗vπv of M(A)
and π′ = ⊗vπ′v of M′(A) such that
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(a) for all v ∈ S, πv ≃ σ and π′v ∈ Πσ˜′(M ′(F )),
(b) for all v ∈ V −S, πv and π′v are irreducible constituents of the restriction of an irreducible represen-
tation of M˜(Fv) to M(Fv) (note that, for v /∈ S, Mv ≃M′v and M˜v ≃ M˜′v over Fv),
(c) for all v /∈ V , πv and π′v are isomorphic and unramified with respect to M(Ov). Here Ov is the ring
of integers of Fv.
We prove Proposition 1.4 by using the result of Henniart [24], the global Jacquet-Langlands correspondence
[6] and the result of Hiraga and Saito [25].
Next, we obtain equalities (6.2) and (6.3) in Section 6, which consist of a product of Plancherel measures
at places in V and a quotient of the local Langlands L-functions for unramified representations. The property
(c) of Proposition 1.4 allows us to cancel all local factors appearing outside V . For the places in V − S,
we use the results of Keys and Shahidi in [27] and of Arthur [1]. We thus retain only Plancherel measures
appearing inside S as in equation (6.4). The hypothesis in Theorem 1.2 is needed here to identify all the
Plancherel measures attached to π′v ∈ Πσ˜′ (M ′(F )) for v ∈ S. Finally, from the fact that Plancherel measures
are holomorphic and non-negative on the unitary axis, we deduce Theorem 1.2.
We remark that, our construction in Theorem 1.3 can be applied to any F -Levi subgroup M of any
connected reductive group over a p-adic field of characteristic 0, including the case when M ≃ GLn in [37]
(cf. Remark 5.6). Further, Proposition 1.4 extends the global Jacquet-Langlands correspondence for GLn
to a connected reductive F -split group M satisfying condition (1.1).
As applications of Theorem 1.2, we transfer the reducibility of the induced representations and the edges
of complementary series from unitary supercuspidal representations of maximal F -Levi subgroups under the
local JL-type correspondence. We also prove that the reducibility and the edges are invariant on the set
Πσ˜(M(F )). Further, our work can be applied to a simply connected simple F -group of type E6 or E7, and
a connected reductive F -group of type An, Bn, Cn or Dn.
This paper is organized as follows. In Section 2, we recall basic notions, terminologies and known results.
After reviewing the local and global Jacquet-Langlands correspondences in Section 3, we define the local
JL-type correspondence in Section 4. In Section 5, we set up a generalized local to global argument. We
prove in Section 6 that Plancherel measures are preserved under the local JL-type correspondence, then
we present some applications in Section 7. In Section 8, we generalize the result in Section 6 to any Levi
subgroup under some assumptions. Appendix A gives a few examples of an F -Levi subgroup M and its
F -inner form satisfying condition (1.1).
Acknowledgements. We are deeply indebted to Professor Freydoon Shahidi for his constant support and
profound insights. We are also grateful to Professor Gordan Savin for his valuable advice and corrections to
the manuscript. Thanks are due to Professor Dipendra Prasad for his helpful correspondences and comments
on a local to global argument. This work is a part of the author’s Ph.D. dissertation at Purdue University.
2. Preliminaries
We recall basic notions, terminologies and known results. We mainly refer to [19, 21, 30, 42, 44, 49].
2.1. Notation and Conventions. Throughout this paper, F denotes a p-adic field of characteristic 0 and
F denotes a number field unless otherwise stated. Fix algebraic closures F¯ and F¯. We shall use the ordinary
capital letters G, M , etc. for groups defined over a local field and the boldfaced capital letters G, M, etc.
for groups defined over a global field.
By abuse of terminology, we identify the set of isomorphism classes with the set of representatives.
Given a connected reductive group G over F , we use the following notation: Irr(G(F )) denotes the set of
isomorphism classes of admissible representations of G(F ); E2(G(F )) denotes the set of essentially square-
integrable representations in Irr(G(F )); Irru(G(F )) denotes the set of unitary representations in Irr(G(F ));
E◦u(G(F )) denotes the set of unitary supercuspidal representations in Irru(G(F )); and E2u(G(F )) denotes the
set of discrete series (square-integrable) representations in Irru(G(F )).
Denote by D a central division algebra over F . We often write Dd to emphasize its dimension d
2 over F .
We denote by GLm(D) the group of all invertible elements of m×m matrices over D, and by SLm(D) the
subgroup of elements in GLm(D) whose reduced norm is 1 (see [38, Sections 1.4 and 2.3]).
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2.2. Plancherel Measures. Let G be a connected reductive group over a p-adic field F of characteristic
0. Fix a minimal F -parabolic subgroup P0 of G with Levi component M0 and unipotent radical N0. Let A0
be the split component of M0, that is, the maximal F -split torus in the center of M0. Let ∆ be the set of
simple roots of A0 in N0.
Let P be a standard (that is, containing P0) F -parabolic subgroup of G. Write P = MN with its Levi
component M = Mθ ⊇ M0 generated by a subset θ ⊆ ∆ and its unipotent radical N ⊆ N0. Let AM be
the split component of M . Denote by WM = W (G,AM ) := NG(AM )/ZG(AM ) the Weyl group of AM
in G, where NG(AM ) and ZG(AM ) are respectively the normalizer and the centralizer of AM in G. For
convenience, we write A0 = AM0 and WG =WM0 .
Denote by X∗(M)F the group of F -rational characters of M . We denote by aM := Hom(X
∗(M)F ,R) =
Hom(X∗(AM )F ,R) the real Lie algebra of AM . We set the complex dual
a
∗
M,C := X
∗(M)F ⊗Z C.
We define the homomorphism HM :M(F )→ aM by
q〈χ,HM (m)〉 = |χ(m)|F
for all χ ∈ X∗(M)F and m ∈M(F ). Here | · |F denotes the normalized absolute value on F . Note that one
can extend HM to G(F ) using the Iwasawa decomposition.
For σ ∈ Irr(M(F )) and ν ∈ a∗M,C, we denote by I(ν, σ) the normalized induced representation
I(ν, σ) = Ind
G(F )
P (F )(σ ⊗ q〈ν,HM ( )〉 ⊗ 1).
Here 1 is the trivial representation ofN(F ). The space V (ν, σ) of I(ν, σ) consists of locally constant functions
f from G(F ) into the representation space H(σ) of σ such that
f(mng) = σ(m)q〈ν+ρP ,HM (m)〉f(g),
for m ∈M(F ), n ∈ N(F ) and g ∈ G(F ). Here ρP denotes the half sum of all positive roots in N . We often
write iG,M (ν, σ) for I(ν, σ) in order to specify groups.
We fix a representative w ∈ G(F ) of w˜ ∈ WG such that w˜(θ) ⊆ ∆. Set Nw˜ := N0 ∩ wN−w−1. We fix a
Haar measure dn on Nw˜. Given f ∈ V (ν, σ), for g ∈ G(F ), the standard intertwining operator is defined as
A(ν, σ, w˜)f(g) =
∫
Nw˜(F )
f(w−1ng)dn.
We set
(2.1) γw˜(G|M) =
∫
N¯w˜(F )
q〈2ρP ,HM (n¯)〉dn¯,
where dn¯ is a normalized Haar measure on N¯w˜(F ) and N¯w˜ := w
−1Nw˜w = N
− ∩ w−1N0w.
Definition 2.1. Given ν ∈ a∗M,C, σ ∈ Irru(M(F )) and w˜(θ) ⊆ ∆, we define the Plancherel measure attached
to ν, σ and w˜ as a non-zero complex number µM (ν, σ, w) such that
A(ν, σ, w)A(w(ν), w(σ), w−1 ) = µM (ν, σ, w)
−1γw(G|P )2.
Remark 2.2. The Plancherel µM (ν, σ, w) depends only on ν, σ and w˜. It is independent of the choices of
any Haar measure and of any representative w of w˜ [42, p.280]. Further, as a function ν 7→ µM (ν, σ, w) on
a∗M,C, it extends to a meromorphic function on all of a
∗
M,C. Moreover, it is non-negative and holomorphic on√−1a∗M [21, Theorem 20].
We review two useful properties of the Plancherel measure. Let Φ(P,AM ) denote the set of reduced roots
of P with respect to AM . For α ∈ Φ(P,AM ), Aα := (kerα ∩ AM )◦ denotes the identity component of
(kerα ∩ AM ) regarding α as an element in a∗M . Set Mα := ZG(Aα) and Pα := Mα ∩ P . Note that Mα
contains M and Pα is a maximal F -parabolic subgroup of Mα with its Levi decomposition MNα and the
split component AM . The Plancherel measure µα(ν, σ, w) and the function γα(Pα|M) can be defined by
replacing G with Pα in Definition 2.1 and equation (2.1), respectively. The following is the product formula
of the rank-one Plancherel measures [21, Theorem 24].
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Proposition 2.3 (Product Formula).
γw˜(G|M)−2µM (ν, σ, w) =
∏
α∈Φ(P,AM )
γα(Pα|M)−2µα(ν, σ, w).
Next, suppose that G˜ is a connected reductive group over F such that
Gder = G˜der ⊆ G ⊆ G˜,
where the subscript der means the derived group. Let M˜ denote an F -Levi subgroup of G˜ such that M =
M˜ ∩G. Given σ ∈ Irr(M(F )), we have an irreducible representation σ˜ ∈ Irr(M˜(F )) whose restriction σ˜|M(F )
contains σ (see [48, Proposition 2.2]). Since AM ⊆ AM˜ , we have a canonical surjective homomorphism
a∗
M˜,C
։ a∗M,C. We write ν˜ for any pre-image in a
∗
M˜,C
of ν ∈ a∗M,C. The following is the compatibility of the
Plancherel measure with the restriction.
Proposition 2.4 (Compatibility with Restriction).
µM (ν, σ, w) = µM˜ (ν˜, σ˜, w).
Proof. Since G and G˜ have the same derived group, we have
γw˜(G|M)−2 = γw˜(G˜|M˜)−2.
Hence, the proposition follows from the following property (cf. [43, p.293]):
A(ν, σ, w˜) = A(ν˜, σ˜, w˜)|iG,M (ν,σ).

Remark 2.5. Remark 2.2, Propositions 2.3 and 2.4 reduce the study of Plancherel measures to the case of
irreducible unitary admissible representations of maximal F -Levi subgroups of a semi-simple group G.
2.3. Inner Forms. Let G and G′ be connected reductive groups over a p-adic field F of characteristic 0.
We say that G and G′ are F -inner forms with respect to an F¯ -isomorphism ϕ : G′ → G if ϕ ◦ τ(ϕ)−1 is an
inner automorphism (g 7→ xgx−1) defined over F¯ for all τ ∈ Gal(F¯ /F ) (see [44, p.851]). Denote by Z(G)
the center of G. Set Gad := G/Z(G) and Hi(F,G) := Hi(Gal(F¯ /F ), G(F¯ )). We note [31, p.280] that there
is a bijection between H1(F,Gad) and the set of isomorphism classes of F -inner forms of G, obtained by
sending the isomorphism class of a pair (G′, ϕ) to the class of the 1-cocycle τ 7→ ϕ ◦ τ(ϕ)−1. We note that a
Gal(F¯ /F )-stable Gad(F¯ )-orbit of ϕ gives the same isomorphism class of a pair (G′, ϕ). We often omit the
reference to ϕ when there is no danger of confusion. We note that this notion holds for any field F with an
algebraic separable closure F¯ .
Suppose that G is quasi-split over F . Let G′ be an F -inner form of G with respect to an F¯ -isomorphism
ϕ : G′ → G (G′ can be G itself). Let P0, M0, N0, A0, P ′0, M ′0, N ′0, A′0 and ∆′ be as in Section 2.2. We
denote by P ′ = M ′N ′ a standard F -parabolic subgroup of G′. Then, from [19, Section 11.2] we can choose
an element ϕ1 in a Gal(F¯ /F )-stable G
ad(F¯ )-orbit of ϕ such that: ϕ1(A
′
0) ⊆ A0; ϕ1(P ′) = P = MN is a
standard F -parabolic subgroup of G; and ϕ1(M
′) = M . As we discussed above, we identify (M ′, ϕ1) with
(M ′, ϕ). Hence, M ′ is the F -inner form of quasi-split group M over F with respect to the F¯ -isomorphism
ϕ : M ′ → M . In this case, we often say that M and M ′ are corresponding. In fact, the split components
AM and AM ′ are isomorphic over F via the F¯ -isomorphism ϕ. We thus have a
∗
M,C ≃ a∗M ′,C as C-vector
spaces and identify ν ∈ a∗M,C with ν′ ∈ a∗M ′,C through the isomorphism. Denote by WM = W (G,AM ) and
WM ′ =W (G
′, AM ′) the Weyl groups as defined in Section 2.2. Let w˜
′ ∈WG′ be given such that w˜′(θ′) ⊆ ∆′.
Then the image w˜ := ϕ(w˜′) in WG satisfies the property that w˜(θ) ⊆ ∆ (see [19, Section 11.2]).
We recall the Kottwitz isomorphism. Set A(G) := π0(Z(Gˆ)
ΓF )D. Here Gˆ denotes the connected Langlands
dual group (L-group) of G, Z(Gˆ) denotes the center of Gˆ, ΓF = Gal(F¯ /F ), π0( · ) denotes the group of
connected components, and ( · )D denotes the Pontryagin dual, that is, Hom( · ,R/Z). We note that A(G) is
a finite abelian group when G = Gad. To see this, since the center of a simply-connected semisimple complex
Lie group is finite, Z(Ĝad) = Z(Gˆsc) turns out to be a finite abelian group. Here Gˆsc denotes the simply
connected cover of the derived group of Gˆ.
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Proposition 2.6. (Kottwitz, [30, Theorem 1.2]) Let G be a connected reductive group over a p-adic field F
of characteristic 0. One has the following bijection
H1(F,G) ≃ A(G).
We note that if the adjoint groupGad ofG is simply connected (e.g., G2, F4, or E8), there is no non-quasi-split
F -inner form due to Proposition 2.6.
Example 2.7. Let G be either GLn or SLn over a p-adic field F of characteristic 0. Then the set of
isomorphism classes of F -inner forms of G is in bijection with the subgroup Br(F )n of n-torsion elements
in the Brauer group Br(F ). Indeed, we have
H1(F, PGLn) ≃ A(PGLn) ≃ µn(C)D.
By Hilbert’s theorem 90, µn(C)
D ≃ H2(F, µn) ≃ ker(Br(F ) n−→ Br(F )) = Br(F )n. Here µn is the algebraic
group of nth root of unity.
Example 2.8. Let G be either GLn or SLn over a number field F. Then the set of isomorphism classes of
F-inner forms of G is also in bijection with Br(F)n. Indeed, since H
1(F,GLn) = 1 (in fact, this is true for
any perfect field [38, Lemma 2.2 p.70]), we have
H1(F,PGLn) →֒ H2(F, µn) ≃ µn(C)D.
The injection turns out to be surjective due to [38, Theorem 6.20].
3. Local and Global Jacquet-Langlands Correspondences for GLn
In this section, we recall the Jacquet-Langlands correspondence for GLn over a p-adic field F of charac-
teristic 0 and a number field F. We mainly refer to [6].
The local and global Jacquet-Langlands correspondences were initially found by Jacquet and Langlands
[26] for the case GL2 in any characteristic. The local generalization to GLn in zero characteristic was estab-
lished by Rogawski [39] and independently by Deligne, Kazhdan and Vigneras [12]. Badulescu completed
the proof of the local correspondence for GLn in positive characteristic [5]. On the other hand, the global
generalization of the correspondence to GLn was proved only for a number field by Badulescu [6]. For some
particular cases in zero characteristic, Flath treated the local and global correspondences for GL3 [13], and
Snowden presented a new purely local proof of the local Jacquet-Langlands correspondence for GL2 [47].
3.1. Local Jacquet-Langlands Correspondence. Let G be GLn over a p-adic field F of characteristic
0 and let G′ be an F -inner form of G. Then G′(F ) is of the form of GLm(D), where D denotes a central
division algebra of dimension d2 over F and n = md.
For semisimple elements g ∈ G(F ) and g′ ∈ G′(F ), we write g ↔ g′ if both are regular (i.e., all roots in F¯
of the characteristic polynomial are distinct) and have the same characteristic polynomial. We write G(F )reg
for the set of regular semisimple elements in G(F ). We denote by C∞c (G(F )) the Hecke algebra of locally
constant functions on G(F ) with compact support. Fix a Haar measure dg on G(F ). For any ρ ∈ Irr(G(F )),
there is a unique locally constant function Θρ on G(F )
reg which is invariant under conjugation by G(F ) such
that
trρ(f) =
∫
G(F )reg
Θρ(g)f(g)dg
for all f ∈ C∞c (G(F )). We refer to [23, p.96] and [12, b. p.33] for details. The same is true for the F -inner
form G′. We state the local Jacquet-Langlands correspondence as follows.
Proposition 3.1. ([12, B.2.a], [39, Theorem 5.8], and [6, Theorem 2.2]) There is a unique bijection C :
E2(G(F )) −→ E2(G′(F )) such that: for all σ ∈ E2(G(F )), we have
Θσ(g) = (−1)n−mΘC(σ)(g′)
for all g ↔ g′.
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Remark 3.2. ([12, Introduction d.4)]) For any σ ∈ E2(G(F )) and quasi-character η on F×, we have C(σ ⊗
(η ◦ det)) = C(σ) ⊗ (η ◦Nrd), where Nrd : GLm(D)→ F× is the reduced norm (cf. [8, Section 53.5]).
Example 3.3. Denote by StG (resp. StG′) the Steinberg representation of G(F ) (resp. G
′(F )). Since
ΘStG(g) = (−1)n−mΘStG′ (g′) for all g ↔ g′ [21, Section 15], we have C(StG) = StG′ .
We denote by R(G) the Grothendieck group of admissible representations of finite length of G(F ). So,
R(G) is a free abelian group with basis Irr(G(F )). Let R(G′) be the Grothendieck group for the F -inner
form G′. In what follows, we extend the correspondence C to a Z-morphism from R(G) to R(G′). We refer
to [6, Section 2.7].
Let B be the collection of all normalized (twisted by δ1/2P ) induced representation iG,Lσ, where L is a
standard Levi subgroup of G and σ ∈ E2(L(F )). Let B′ have the corresponding meaning for the F -inner form
G′. We notice that any element Σ ∈ B (resp. Σ′ ∈ B′) has a unique irreducible quotient by the Langlands
classification (see [32, Theorem 1.2.5]). We denote it by Lg(Σ) (resp. Lg(Σ′)). We note that the set B is
a basis of R(G) and the map Σ 7→ Lg(Σ) is a bijection from B onto Irr(G(F )). The same is true for the
F -inner form G′.
Given a basis element Σ′ = iG′,L′σ
′ ∈ B′ with a standard F -Levi subgroup L′ of G′, we set Λ(Σ′) :=
iG,LC
−1(σ′). Here L is the standard Levi subgroup of G corresponding to L′ (see Section 2.3). From
Proposition 3.1, we notice that Λ(Σ′) lies in B. Thus, Λ defines a map from B′ into B, which is clearly
injective. Further, since Λ(Σ′) has a unique irreducible quotient (denoted by Lg(Λ(Σ′))), Λ induces a map
from Irr(G′(F )) into Irr(G(F )) by sending Lg(Σ′) 7→ Lg(Λ(Σ′)).
Definition 3.4. We define a Z-morphism LJ : R(G)→ R(G′) by setting LJ(Λ(Σ′)) = Σ′ and LJ(Σ) = 0 if
Σ is not in the image of Λ.
Remark 3.5. There exists an irreducible unitary representation of G′(F ) which is not in the image of Λ [6,
Lemma 3.11]. Moreover, the map LJ sends an irreducible unitary representation of G(F ) to either 0 or an
irreducible unitary representation of G′(F ) [6, Proposition 3.9].
We have the following correspondence between the Grothendieck groups.
Theorem 3.6. ([6, Theorem 2.7]) There is a unique map LJ : R(G)→ R(G′) such that: for all σ ∈ R(G),
we have
Θσ(g) = (−1)n−mΘLJ(σ)(g′)
for all g ↔ g′. Furthermore, LJ is a surjective group homomorphism.
Example 3.7. Suppose G = GL2. Denote by 1G the trivial representation of G(F ). Fix a Borel subgroup
B = TU of G. Note that iG,T (δ
−1/2
B ) = 1G + StG as elements of R(G). Since there is no F -Levi subgroup
of G′ corresponding T , we have LJ(iG,T (δ
−1/2
B )) = 0. Thus, Example 3.3 yields
LJ(StG) = StG′ and LJ(1G) = −StG′ .
Definition 3.8. We say that σ ∈ R(G) is d-compatible if LJ(σ) 6= 0.
Remark 3.9. It follows from Proposition 3.1 that σ ∈ E2(G(F )) is always d-compatible.
We have the following correspondence for d-compatible irreducible unitary representations.
Proposition 3.10. ([6, Proposition 3.9]) If u is a d-compatible irreducible unitary representation of G(F ),
then there exists a unique irreducible unitary representation u′ of G′(F ) and a unique sign ǫ ∈ {−1, 1} such
that
Θu(g) = ǫΘu′(g
′)
for all g ↔ g′.
Definition 3.11. By sending u 7→ u′, we define a map |LJ| from the set of irreducible unitary d-compatible
representations of G(F ) to the set of irreducible unitary representations of G′(F ).
Remark 3.12. The restriction of |LJ| to the set E2u(G(F )) equals C.
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Example 3.13. For the case that G = GL2, the representation iG,T (δ
−1/2
B ) is not d-compatible due to Example
3.7. We also note that |LJ|(StG) = |LJ|(1G) = StG′ .
Remark 3.14. All statements in this section admit an obvious generalization to the case that G is a product
of a general linear groups.
3.2. Global Jacquet-Langlands Correspondence. Let G be GLn over a number field F and let G
′ be
an F-inner form of G. Then G′(F ) is of the form of GLm(D), where D denotes a central division algebra
of dimension d2 over F and n = md.
Set A := Mm(D), the m ×m matrix algebra over D. For each place v of F, we have Av = A ⊗F Fv ≃
Mmv(Dv) for some positive integer mv and some central division algebra Dv of dimension d
2
v over Fv such
that mvdv = n. If dv = 1 at some place v, we say that A is split at v. We denote by S the set of places
where A is not split. Then S turns out to be finite. Set G′v := G
′ ×F Fv. We notice that G′v ≃ Gv ≃ GLn
over Fv for all v /∈ S.
Let A be the ring of adeles of F. We identify Z(G) = Z(G′) =: Z, the centres of G and G′. Fix
a unitary smooth character ω of the quotient Z(F)\Z(A). Let L2(Z(A)G′(F)\G′(A);ω) be the space of
classes of functions f : G′(A) → C which are left invariant under G′(F), transform under Z(A) by ω and
are square-integrable modulo Z(A)G′(F). Consider the representation R′ω of G
′(A) by the right translation
in the space L2(Z(A)G′(F)\G′(A) ; ω). Any irreducible subrepresentation of R′ω is called to be a discrete
series of G′(A). Denote by DS′ (resp. DS) the set of all discrete series of G′(A) (resp. G(A)). Every
π′ ∈ DS′ admits the restrict tensor product ⊗vπ′v. It turns out that each π′v is an irreducible unitary
admissible representation of G′(Fv). For each place v, we use dv-compatible and |LJ|v to emphasize the
place v in Definitions 3.8 and 3.11, respectively.
Definition 3.15. Let π = ⊗vπv be in DS. We say that π is D-compatible if πv is dv-compatible for all
places v ∈ S.
For all v /∈ S, we abuse the notation |LJ|v for the identity map from Irru(G(Fv)) to Irru(G′(Fv)). The
global Jacquet-Langlands correspondence is as follows.
Theorem 3.16. ([6, Theorem 5.1]) There exists a unique injective map Φ : DS′ → DS such that: for all
π′ = ⊗vπ′v ∈ DS′, we have
|LJ|v(Φ(π′)v) = π′v.
Moreover, the image of Φ is exactly the set of D-compatible discrete series of G(A).
We note that there was an assumption on the set S in [6] and it has been removed in [4]. Let the space
L2c(Z(A)G
′(F)\G′(A) ; ω) denote the subspace of all the cusp forms in L2(Z(A)G′(F)\G′(A) ; ω). It turns
out that the space L2c(Z(A)G
′(F)\G′(A) ; ω) is stable under R′ω. Any irreducible subrepresentation of R′ω
in L2c(Z(A)G
′(F)\G′(A) ; ω) is called to be a cuspidal automorphic representation of G′(A). The following
proposition describes the behavior of cuspidal automorphic representations under the map Φ.
Proposition 3.17. ([6, Proposition 5.5 and Corollary A.8]) Let π ∈ DS be a cuspidal automorphic repre-
sentation of G(A). If π is D-compatible, then Φ−1(π) is a cuspidal automorphic representation of G′(A).
Remark 3.18. There exists a cuspidal automorphic representation of G′(A) whose image through the map
Φ is not cuspidal (see [6, Proposition 5.5.(b)]).
Remark 3.19. All statements in this section admit an obvious generalization to the case that G is a product
of a general linear groups.
4. Local Jacquet-Langlands Type Correspondence
In this section, we define the local Jacquet-Langlands type (JL-type) correspondence which is a general
version of the local Jacquet-Langlands correspondence.
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4.1. Restriction of Representations. We recall the results of Tadic´ in [48]. Throughout Section 4.1, G
and G˜ denote connected reductive groups over a p-adic field F of characteristic 0, such that
Gder = G˜der ⊆ G ⊆ G˜,
where the subscript der means the derived group.
Proposition 4.1. ([48, Lemma 2.1 and Proposition 2.2]) For any σ ∈ Irr(G(F )), there exists σ˜ ∈ Irr(G˜(F ))
such that σ is isomorphic to an irreducible constituent of the restriction σ˜|G(F ) of σ˜ to G(F ).
Given σ ∈ Irr(G(F )), we denote by Πσ˜(G(F )) the set of equivalence classes of all irreducible constituents of
σ˜|G(F ).
Remark 4.2. ([48, Proposition 2.7]) Any member in Πσ˜(G(F )) is supercuspidal, essentially square-integrable,
discrete series or tempered if and only if σ˜ is.
Remark 4.3. ([48, Corollary 2.5]) If σ˜1 ∈ Irr(G˜(F )) is another choice of σ˜ in Proposition 4.1, then there exist
a quasi-character η on G˜(F )/G(F ) such that σ˜1 ≃ σ˜ ⊗ η. It turns out that the set Πσ˜(M(F )) is finite and
independent of the choice of σ˜.
Remark 4.4. Let G = SLn over F or its F -inner form, and let G˜ = GLn over F or its F -inner form. It then
turns out [18, 25] that any L-packet is of the form Πσ˜(G(F )) for some σ˜ ∈ Irr(G˜(F )).
4.2. Definition of the Local Jacquet-Langlands Type Correspondence. Let G˜ be
∏r
i=1GLni over
a p-adic field F of characteristic 0 and let G˜′ be an F -inner form of G˜. Then G′(F ) is of the form of∏r
i=1GLmi(Ddi), where Ddi denotes a central division algebra of dimension d
2
i over F and ni = midi. Let
G be a connected reductive F -split group such that
(4.1) Gder = G˜der ⊆ G ⊆ G˜.
Let G′ be an F -inner form of G. It follows that G′der = G˜
′
der ⊆ G′ ⊆ G˜′.
Definition 4.5. Given σ ∈ Irr(G(F )) and σ′ ∈ Irr(G′(F )), we say that σ and σ′ are under the local
Jacquet-Langlands type (JL-type) correspondence if there exist σ˜ ∈ Irr(G˜(F )) and σ˜′ ∈ Irr(G˜′(F )) such that
(a) σ and σ′ are isomorphic to irreducible constituents of the restrictions σ˜|G(F ) and σ˜′|G′(F ), respectively,
(b) LJ(σ˜) = σ˜′.
Example 4.6. Steinberg representations StG and StG′ are always under the local JL-type correspondence.
This follows from Example 3.3 and the fact that the restrictions StG˜|G(F ) and StG˜′ |G′(F ) are again Steinberg
representations.
Remark 4.7. Given σ˜ ∈ E2(G˜(F )) and η ∈ (G˜(F )/G(F ))D, set σ˜′ := C(σ˜⊗ η) ∈ E2(G˜′(F )) (see Proposition
3.1). Then, any σ ∈ Πσ˜(G(F )) and σ′ ∈ Πσ˜′ (G′(F )) are under the local JL-type correspondence.
Remark 4.8. The local JL-type correspondence can be regarded as a correspondence between L-packets of
G(F ) and G′(F ) (cf. [25, Chapters 11-15]).
5. A Local to Global Argument
In this section, we set up a local to global argument which will be used in Section 6. This generalizes the
method of Muic´ and Savin in [37].
5.1. Construction of Global Data from Local Data. Given local data, we first construct global data
with prescribed local behavior.
Lemma 5.1. Given a p-adic field F of characteristic 0, there exists a number field F0 such that F0v0 ≃ F
for some finite place v0 of F
0.
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Proof. Let F be a finite extension of Qp for some prime number p. By [33, Corollary p.44], we have a number
field F0 such that: F0 is dense in F ; F = F0 · Qp; and [F : Qp] = [F0 : Q]. Since [F0 : Q] =
∑
p|p[F
0
p : Qp],
there exists a unique prime p of F0 lying over p, and thus F0 ⊗Q Qp ≃ F0p ≃ F . By taking v0 = p, we
complete the proof. 
Lemma 5.2. For any prime p, there exist infinitely many odd primes q such that p splits completely over
Q(
√
q∗), where q∗ = (−1) q−12 q.
Proof. This is an easy consequence of Dirichlet’s density theorem. 
Proposition 5.3. Let F be a p-adic field of characteristic 0. For any positive integer l, there exist a number
field F and a finite set T of finite places of F, with the cardinality l, such that Fv ≃ F for all v ∈ T .
Proof. Given F , we fix a number field F0 and a place v0 as defined in Lemma 5.1, so that F
0
v0 ≃ F . From
Lemma 5.2, we have infinitely many odd primes q such that v0 splits completely over F
0(
√
q∗). Denote by
T0 the set of all such primes q. For any positive integer l, we choose a positive integer r such that 2
r ≥ l.
Pick a subset {q1, · · · , qr} ⊆ T0. Set F := F0(
√
q∗1 , · · · ,
√
q∗r ). We note that [F : F
0] = 2r. Since v0 splits
completely over F0(
√
q∗i ) for each i, we have Fv ≃ F for all v|v0. So, the cardinality |{v | Fv ≃ F}| ≥ 2r ≥
l. By taking T to be any subset of {v|Fv ≃ F} with cardinality l, we complete the proof. 
The following theorem allows us to construct a number field and connected reductive groups with pre-
scribed local behavior.
Theorem 5.4. Let G be a connected reductive quasi-split group over a p-adic field F of characteristic 0, and
let G′ be an F -inner form of G with respect to an F¯ -isomorphism ϕ : G′ → G. Then, there exist a number
field F, a non-empty finite set S of finite places of F, a connected reductive group G defined over F and its
F-inner form G′ such that
(a) for all v ∈ S, Fv ≃ F , Gv ≃ G, and G′v ≃ G′ over Fv,
(b) for all v /∈ S including all the archimedean places, Gv ≃G′v over Fv,
where Gv and G
′
v denote G×F Fv and G′ ×F Fv, respectively.
Proof. Let l denote a sufficiently large multiple of the cardinality |A(Gad)| of A(Gad) (see Section 2.3 for the
definition of A(Gad)). From Proposition 5.3, we obtain a number field F and a finite set T of places with
the cardinality l such that Fv ≃ F for all v ∈ T . We note that the set A(Gad) is a finite abelian group.
Next we choose a connected reductive quasi-split group G defined over F. It follows that Gv := G ×F
Fv ≃ G over Fv for all v ∈ T . We note that A(Gad) is a finite abelian group, and there is a surjective
homomorphism
⊕
v A(G
ad
v ) → A(Gad) for any place v of F (see [30, 2.3]). Here
⊕
v denotes the subset of
the direct product consisting of (xv) such that xv = 1 for all but a finite number of v. Since the integer
l = |T | is taken to be sufficiently large, we can assume that the cardinality |A(Gad)| is smaller than l due
to the surjective homomorphism. Choose a subset S of T such that the cardinality |S| equals a multiple of
|A(Gad)|.
We recall the following lemma from [30, Theorem 2.2 and Proposition 2.6] and [38, Theorem 6.22].
Lemma 5.5. Let A¯ denote the adele ring of F¯. Then, there is an exact sequence with a commutative
diagram:
1 −−−−→ H1(F,Gad(F¯)) ιG−−−−→ H1(F,Gad(A¯)) βG−−−−→ A(Gad) −−−−→ 1
≈
y Σx⊕
v H
1(Fv,G
ad
v (F¯v)) −−−−→
⊕
v A(G
ad
v )
The bottom map is given by local maps defined in Proposition 2.6, which are isomorphisms for all finite places
of F. Thus, the commutative diagram implies that the morphism βG is equal to sum of local 1-cocycles.
Since G′ is an F -inner form of G with respect to an F¯ -isomorphism ϕ : G′ → G, we have a 1-cocycle
ϕτv ∈ H1(Fv,Gadv (F¯v))
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such that ϕτv := ϕ ◦ τv(ϕ)−1 for τv ∈ Gal(F¯v/Fv). Let
(5.1) aτ := (aτv ) ∈ H1(F,Gad(A¯))
be a nontrivial 1-cocycle such that aτv = ϕτv for all v ∈ S and aτv = 1 for all v /∈ S. Since A(Gad) is a finite
abelian group and |S| is a multiple of |A(Gad)|, we get
βG(aτ ) =
∑
v
aτv = |S| · ϕτv = 1.
From the exactness in Lemma 5.5, we have a nontrivial 1-cocycle bτ ∈ H1(F,Gad(F¯)) such that ιG(bτ ) = aτ .
Thus, we obtain an F-inner form G′ of G associated to bτ . From the definition of aτ in (5.1), it follows that
G′v ≃ G′ over Fv for all v ∈ S, and Gv ≃ G′v over Fv for all v /∈ S. This completes the proof of Theorem
5.4. 
Remark 5.6. Theorem 5.4 is an analogue of the well-known result:
1 −→ H2(Gal(F¯/F),F×) −→
⊕
v
H2(Gal(F¯v/Fv),F
×
v )
∑
invv−→ Q/Z −→ 0.
To be precise, this exact sequence explains how to obtain a central division algebra over F from a given
central division algebra over F . When an F -group G satisfies condition (4.1), this is a manner to construct
an F-groupG and its F-inner form G′ with prescribed local behavior. Theorem 5.4 fully extends this notion
to any connected reductive group over F .
Given an irreducible unitary supercuspidal representation, the following proposition tells us how to con-
struct a cuspidal automorphic representation with specified local behavior at a finite set of places.
Proposition 5.7. ([24, The´ore`m, in Appendice 1]) Let F be a global field, G a connected reductive group
over F, Z(G) its center, ω a unitary character of Z(G)(F)\Z(G)(A), S a nonempty finite set of finite places
of F and, for v ∈ S, ρv an irreducible unitary supercuspidal representation of G(Fv) with central character
ωv. Then, there exists a cuspidal automorphic representation π = ⊗vπv of G(A) with central character ω
such that πv ≃ ρv for all v ∈ S.
Remark 5.8. If the set S is chosen so that each group Gv is unramified over Fv at all finite place v /∈ S,
then each representation πv is unramified for all finite place v /∈ S by the choice of each fv in the proof of
[24, The´ore`m, in Appendice 1] (cf. [42, Section 5]).
5.2. Local and Global Compatibility in Restriction. In this section, we establish the local and global
compatibility in the restriction of representations from a group to its subgroup sharing the same derived
group. Let F denote a p-adic field of characteristic 0 with the ring of integers OF .
Proposition 5.9. Let G and G˜ be unramified groups over F such that
Gder = G˜der ⊆ G ⊆ G˜.
Given an unramified representation τ˜ of G˜(F ), its restriction τ˜ |G(F ) to G(F ) has a unique unramified con-
stituent with respect to G(OF ).
Proof. Fix a Borel subgroup B˜ = T˜U of G˜. Then we have a Borel subgroup B = B˜ ∩ G = (T˜ ∩ G)U of G.
Write T = T˜ ∩ G. From [9, Proposition 2.6], we have a G˜(F )-embedding of τ˜ into an unramified principal
series iG˜,B˜χ˜, where χ˜ is an unramified character of T˜ (F ). Consider the restriction (iG˜,B˜χ˜)|G(F ). We note
that G˜(F ) = T˜ (F )G(F ), and f(t˜g) = χ˜(t˜)f(g) for t˜ ∈ T˜ (F ) and g ∈ G(F ). It follows that if f |G(F ) = 0 for
f ∈ iG˜,B˜χ˜, then f = 0. By sending f 7→ f |G(F ), we thus have a G(F )-equivariant embedding
iG˜,B˜χ˜ →֒ iG,Bχ.
Here χ is the restriction of χ˜ to T (F ). Since χ is an unramified character of T (F ), we note that iG,Bχ
has a unique non-trivial spherical vector with respect to G(OF ) up to scalar. Hence, there is exactly one
irreducible constituent of iG,Bχ which contains the unique non-trivial spherical vector. This completes the
proof. 
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Let F denote a number field, and let A denote the adele ring of F. Let G and G˜ be connected reductive
groups over F such that
G˜der = Gder ⊆ G ⊆ G˜.
Let π˜ = ⊗vπ˜v be an irreducible admissible representation of G˜(A). Proposition 5.9 implies that π˜v|G(Fv)
has a unique unramified constituent (denoted by π0v) with respect to G(Ov) for almost all places v, where
Ov is the ring of integers of Fv. The following proposition states the local and global compatibility in the
restriction which is an analogue of [35, Lemma 1].
Proposition 5.10. Every irreducible constituent of π˜|G(A) is of the form π = ⊗vπv, where πv is an irre-
ducible constituent of π˜v|G(Fv) and πv ≃ π0v for almost all v.
Proof. We follow the proof of [35, Lemma 1]. It is clear that any representation of the above form π = ⊗vπv
is an irreducible constituent of π˜|G(A). Conversely, let the constituent π act on V/U with 0 ⊆ U ⊆ V ⊆ X =
⊗vXv. To construct the tensor product, we choose a finite set T0 of places and a non-zero spherical vector x0
with respect to G(Ov) for each v /∈ T0. We can find a finite set T of places and a vector xT ∈ XT := ⊗v∈TXv
such that T contains T0 and x = xT ⊗ (⊗v/∈Tx0v) lies in V but not in U . Let VT be the smallest subspace of
XT containing xT and invariant under GT := Πv∈TG(Fv). There is a surjective map
VT ⊗ (⊗v/∈TVv) −→ V/U.
If v0 /∈ T , then the kernel contains VT ⊗Uv0 ⊗ (⊗v/∈T∪{v0}Vv). We obtain a surjection VT ⊗ (⊗v∈TVv/Uv)→
V/U with a kernel of the form UT ⊗ (⊗v∈TVv/Uv), where UT lies in VT . We note from [48, Lemma 2.1]
that π˜v|G(Fv) is a finite direct sum of irreducible constituents of G(Fv). So, the representation of GT on
VT /UT is irreducible and is of the form ⊗v∈Tπv, where πv is an irreducible constituent of π˜v|G(Fv). Thus,
the constituent π is of the form ⊗vπv such that πv ≃ π0v for v /∈ T . 
Remark 5.11. Let π˜ be a cuspidal automorphic representation of G˜(A). Since G(A) is a subgroup of G˜(A)
sharing the same derived group, the restriction H(π˜)|G(A) of the space H(π˜) from G˜(A) to G(A) is still
a non-zero subspace of cusp forms on G(A). Due to the result [11, Theorem 2.1 p.113] of Gelfand and
Piatetski-Shaphiro, we have the decomposition
π˜|G(A) = ⊕mpiπ.
Here π runs through all irreducible constituents of the restriction π˜|G(A) which are cuspidal automorphic
representations of G(A), and mpi is the multiplicity of π.
Remark 5.12. Let π = ⊗πv be a cuspidal automorphic representation of G(A). Theorem 4.13 in [25] verifies
that there exists a cuspidal automorphic representation π˜ = ⊗π˜v of G˜(A) such that π is an irreducible
constituent of π˜|G(A). From Proposition 5.10, we note that πv is an irreducible constituent of π˜v|G(Fv) for
all v.
6. Transfer for Unitary Supercuspidal Representations under the Local JL-Type
Correspondence
Using a local to global argument in Section 5, we prove that Plancherel measures attached to unitary
supercuspidal representations are preserved under the local JL-type correspondence, assuming a working
hypothesis that Plancherel measures are invariant on a certain finite set. Throughout Section 6, F denotes
a p-adic field of characteristic 0, and M denotes an F -Levi subgroup of a connected reductive F -split group
G such that
(6.1) Πri=1SLni ⊆M ⊆ Πri=1GLni
for positive integers r and ni. Let G
′ be an F -inner form of G, and let M ′ be an F -Levi subgroup of G′ that
is an F -inner form of M . Then, M ′ satisfies the following property
Πri=1SLmi(Ddi) ⊆M ′(F ) ⊆ Πri=1GLmi(Ddi).
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Here Ddi denotes a central division algebra of dimension d
2
i over F where ni = midi. Write M˜(F ) =
Πri=1GLni(F ) and M˜
′(F ) = Πri=1GLmi(Ddi).
We denote by θ and θ′ the subsets of ∆ and ∆′ such that M = Mθ and M = Mθ′ , respectively. We fix
representatives w ∈ G(F ) and w′ ∈ G′(F ) of w˜ ∈ WG and w˜ ∈ WG′ such that w˜ = ϕ(w˜′), w˜(θ) ⊆ ∆ and
w˜′(θ′) ⊆ ∆′ as stated in Section 2.3.
6.1. Statement of Theorem. In this section, we state the main result and its contributions. Let σ ∈
E◦u(M(F )) and σ′ ∈ E◦u(M ′(F )) be under the local JL-type correspondence. Since both σ and σ′ are
supercuspidal, by Remark 4.2 and Definition 4.5, we have σ˜ ∈ E◦u(M˜(F )) and σ˜′ ∈ E◦u(M˜ ′(F )) such that
(a) σ and σ′ are isomorphic to irreducible constituents of the restrictions σ˜|M(F ) and σ˜′|M ′(F ), respec-
tively,
(b) C(σ˜) = σ˜′.
We recall the sets Πσ˜(M(F )) and Πσ˜′ (M
′(F )) of equivalence classes of all irreducible constituents of σ˜|M(F )
and σ˜′|M ′(F ), respectively.
Working Hypothesis 6.1. Let σ′1 and σ
′
2 be given in Πσ˜′(M
′(F )). Then, we have
µM ′(ν
′, σ′1, w
′) = µM ′ (ν
′, σ′2, w
′)
for any ν′ ∈ a∗M ′,C.
Remark 6.2. Since Πσ˜′(M
′(F )) can be considered as an L-packet on M ′ (cf. Remark 4.4), this hypothesis is
related to the L-packet invariance of the Plancherel measure. When G′ is an F -inner form of SLn and M
′
is any F -Levi subgroup of G′, Working Hypothesis 6.1 is a consequence of Proposition 2.4.
The following states our main result.
Theorem 6.3. Let σ ∈ E◦u(M(F )) and σ′ ∈ E◦u(M ′(F )) be under the local JL-type correspondence. Assume
that Working Hypothesis 6.1 is valid. Then, we have
µM (ν, σ, w) = µM ′(ν, σ
′, w′)
for any ν ∈ a∗M,C ≃ a∗M ′,C.
Remark 6.4. If the central character of σ˜′ is unramified and the set Πσ˜′(M
′(F )) is associated to a tempered
and tame regular semi-simple elliptic L-parameter, the assumption is no longer needed due to [10].
We note that any two members τ ∈ Πσ˜(M(F )) and τ ′ ∈ Πσ˜′(M ′(F )) are under the JL-type correspondence
(see Remark 4.7). Fix σ′ ∈ E◦u(M ′(F )) in Theorem 6.3. By varying σ over Πσ˜(M(F )), we have the following.
Proposition 6.5. Let τ1 and τ2 be given in Πσ˜(M(F )). Assume that Working Hypothesis 6.1 is valid.
Then, we have
µM (ν, τ1, w) = µM (ν, τ2, w)
for all ν ∈ a∗M,C.
Remark 6.6. Since Πσ˜(M(F )) can be considered as an L-packet on M (cf. Remark 4.4), Proposition 6.5
supports the conjecture that Plancherel measures are invariant on L-packets. We also refer the reader to
[2, 10, 15, 16, 17] for other cases.
Remark 6.7. Proposition 6.5 reduces the study of the Plancherel measures for tempered representations to the
generic cases. To be precise, since the unitary supercuspidal representation σ˜ of M˜(F ) is generic with respect
to a generic character ψ [32, Section 2.3], there exists a unique generic representation τ0 ∈ Πσ˜(M(F )) with
respect to ψ (cf. [48, Proposition 2.8]). Then, the result [42, Corollary 3.6] of Shahidi gives an explicit formula
of µM (ν, τ0, w) in terms of local factors via the Langlands-Shahidi method. Therefore, due to Proposition 6.5,
the Plancherel measure µM (ν, τ, w) attached to any τ ∈ Πσ˜(M(F )) has the same formula with µM (ν, τ0, w).
Moreover, Theorem 6.3 admits the same formula for µM ′(ν, τ
′, w′) with any τ ′ ∈ Πσ˜′(M ′(F )).
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6.2. Proof of Theorem 6.3. In this section, we present the proof of Theorem 6.3 by a local to global
argument in Section 5. The outline is as follows.
(Step 1 ) Construct global data from given local data as explained in Section 5.1.
(Step 2 ) Find two cuspidal automorphic representations as described in Proposition 6.9.
(Step 3 ) Use Langlands’ functional equation on Eisenstein series.
This is a more general version of the method of Muic´ and Savin in [37]. Along with their Siegel Levi
subgroups (≃ GLn) of the groups SO2n and Sp2n, our construction in (Step 1 ) treats any F -Levi subgroup
of connected reductive groups over a p-adic field of characteristic 0. Further, (Step 2 ) can be applied to any
connected reductive group M satisfying condition (6.1).
The rest of this section is devoted to the proof of Theorem 6.3. Due to Remarks 2.2 and 2.5, it suffices
to consider the case when G is semisimple (so is G′) and M is maximal (so is M ′). It then turns out that
a∗M,C ≃ a∗M ′,C ≃ C. Thus, we shall show that: for all s ∈ C,
µM (s, σ, w) = µM ′(s, σ
′, w′).
We start with the following Lemma which is immediately a consequence of Theorem 5.4.
Lemma 6.8. Let F , G, G′, M , M ′, M˜ and M˜ ′ be as above. Then, there exist a number field F, a non-empty
finite set S of finite places of F, a connected reductive F-split group G and its F-inner form G′, their F-Levi
subgroups M and M′ ( F-inner form of M ), a connected reductive F-split group M˜ and its F-inner form
M˜′ such that
(a) for all v ∈ S, Fv ≃ F , Gv ≃ G, G′v ≃ G′, Mv ≃M , M′v ≃M ′, M˜v ≃ M˜ and M˜′v ≃ M˜ ′ over Fv,
(b) for all v /∈ S, Gv ≃ G′v, Mv ≃M′v and M˜v ≃ M˜′v over Fv,
(c) Mder = M˜der ⊆M ⊆ M˜ and M′der = M˜′der ⊆M′ ⊆ M˜′.
Note that M˜(F) and M˜′(F) are of the forms
∏r
i=1GLni(F) and
∏r
i=1GLmi(Ddi), respectively. Here Di
denotes a central division algebra of dimension d2i over F and ni = midi. For all v ∈ S, it turns out that
G′v, M
′
v and M˜
′
v are non quasi-split Fv-inner forms of Gv, Mv and M˜v respectively. Also, Gv, G
′
v, Mv and
M′v are all quasi-split over Fv unless v ∈ S.
From now on, we fix a number field F and a finite set S of finite places of F as defined in Lemma 6.8,
so that Fv ≃ F for all v ∈ S and S consists of all non-split places. Next, we find two following cuspidal
automorphic representations π = ⊗vπv of M(A) and π′ = ⊗vπ′v of M′(A).
Proposition 6.9. Let σ ∈ E◦u(M(F )) and σ′ ∈ E◦u(M ′(F )) be under the local JL-type correspondence.
Then, there exist a finite set V of places of F containing S and all archimedean places, and two cuspidal
automorphic representations π = ⊗vπv of M(A) and π′ = ⊗vπ′v of M′(A) such that
(a) for all v ∈ S, πv ≃ σ and π′v ∈ Πσ˜′(M ′(F )),
(b) for all v ∈ V −S, πv and π′v are irreducible constituents of the restriction of an irreducible represen-
tation of M˜(Fv) to M(Fv),
(c) for all v /∈ V , πv and π′v are isomorphic and unramified with respect to M(Ov).
Proof of Proposition 6.9. From Proposition 5.7, we construct a cuspidal automorphic representation π = ⊗πv
ofM(A) such that πv ≃ σ for all v ∈ S. By Remark 5.12, we also have a cuspidal automorphic representation
π˜ = ⊗π˜v of M˜(A) such that π is an irreducible constituent of π˜|M(A) and πv is an irreducible constituent of
π˜v|M(Fv) for all v.
We claim that π˜ is in the image of the map Φ defined in Theorem 3.16. To see this, we need to show
that π˜ is D-compatible. For all v ∈ S, since πv is in E◦u(M(Fv)), π˜v is also in E◦u(M˜(Fv)) by Remark
4.2. It follows from remark 3.9 that π˜v is dv-compatible for all v ∈ S. Hence, from Definition 3.15, π˜ is
D-compatible. We note from Proposition 3.17 that π˜′ is cuspidal since π˜ is cuspidal. Therefore, we have a
unique cuspidal automorphic representation π˜′ of M˜′(A) such that |LJ|v(πv) = π′v for all v. Since both π˜v
and π˜′v are supercuspidal for v ∈ S and S consists of non-split places, we note that |LJ|v(π˜v) = C(π˜v) for
all v ∈ S by Remark 3.12 and π˜′v ≃ π˜v for all v /∈ S.
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Now we consider the restriction π˜′|M′(A) of π˜′ to M′(A). From Remark 5.11, there exists a cuspidal
automorphic representation π′ = ⊗vπ′v of M′(A) such that π′v is an irreducible constituent of π˜′v|M′(Fv) for
all v.
The assertions (a), (b) and (c) are verified as follows. For all v ∈ S, since σ is an irreducible constituent
of both σ˜|M(Fv) and π˜v|M(Fv), it follows from Remark 4.3 that π˜v ≃ σ˜ ⊗ (ηv ◦ det) for some quasi-character
ηv of F
×
v (in fact, ηv is unitary). Remark 3.2 yields that π˜
′
v ≃ σ˜′ ⊗ (ηv ◦ Nrd). So, we have from Remark
4.3 that π′v lies in Πσ˜′(M
′(F )) for all v ∈ S. Since π˜′v ≃ π˜v for all v /∈ S, Proposition 5.10 allows us to have
a finite set V containing S such that πv and π
′
v are isomorphic and unramified for all v /∈ V with respect
to M(Ov). Also, for all v ∈ V − S, πv and π′v are irreducible constituents of the restriction of π˜′v ≃ π˜v of
M˜(Fv) to M(Fv). This completes the proof of Proposition 6.9 
We consider the standard global intertwining operator M(s, π) := ⊗vA(s, πv, w) from the global induced
representation I(s, π) to I(−s, w(π)). We refer to [11, Sections 4 and 7]. For f ∈ I(s, π), we note that
f ∈ ⊗v∈V I(s, πv)⊗ (⊗v/∈V f0v ),
where f0v is a unique spherical vector such that f
0
v |M(Ov) = 1. Let M(s, π′), I(s, π′) and f ′0v have the
corresponding meaning for the cuspidal automorphic representation π′ of M′(A). Due to Proposition 6.9,
we identify f0v and f
′0
v . Given f = ⊗vfv ∈ I(s, π) and f ′ = ⊗vf ′v ∈ I(s, π′), we get
M(s, π)f = ⊗v∈VA(s, πv, w)fv ⊗ (⊗v/∈VA(s, πv , w)f0v ),
M(s, π′)f ′ = ⊗v∈VA(s, π′v, w′)f ′v ⊗ (⊗v/∈V A(s, π′v, w′)f0v ).
So, we have the following functional equations by Eisenstein series
M(s, π)M(−s, w(π)) = id,
M(s, π′)M(−s, w(π′)) = id.
It then follows that
(6.2)
∏
v∈V
µMv (s, πv, w)γw˜(Gv|Mv)−2
∏
v/∈V
cv(s, πv)cv(−s, w(πv)) = 1,
(6.3)
∏
v∈V
µM′v(s, π
′
v, w
′)γw˜(G
′
v|M′v)−2
∏
v/∈V
cv(s, π
′
v)cv(−s, w(π′v)) = 1.
Here cv(·, ·) is a quotient of the local Langlands L-functions for unramified representations (see [41, (2.7)
p.554]). Since πv ≃ π′v for all v /∈ V , we have
cv(s, πv)cv(−s, w(πv)) = cv(s, π′v)cv(−s, w(π′v)).
For all v ∈ V −S, since πv and π′v are irreducible constituents of the restriction of an irreducible representation
(denoted by τ˜v) of M˜(Fv) to M(Fv), both µMv (s, πv, w) and µM′v (s, π
′
v, w
′) can be expressed in terms of
the Artin L-function and root number attached to the L-parameter of τ˜v (see [9, Proposition 2.6] and
[27, Theorem 3.1] for non-archimedean places, [1, Section 3] for archimedean places). It then follows that
µMv(s, πv, w) = µM′v(s, π
′
v, w
′). Further, we note that γw˜(Gv|Mv) = γw˜(G′v|M′v) by [3, p.89]. So, we have∏
v∈S
µMv (s, πv, w) =
∏
v∈S
µM′v(s, π
′
v, w
′).
For all v ∈ S, we note that: Mv ≃ M and M′v ≃ M ′ over Fv by Lemma 6.8; πv ≃ σ by Proposition 6.9;
µM′v(s, π
′
v, w
′) = µM′v (s, σ
′, w′) by Working Hypothesis 6.1. Hence, we deduce from equations (6.2) and (6.3)
that
(6.4) µM (s, σ, w)
m = µM ′(s, σ
′, w′)m.
Here m denotes the cardinality of S. Since Plancherel measures are holomorphic and non-negative along the
unitary axis Re(s) = 0, we therefore have that
µM (s, σ, w) = µM ′(s, σ
′, w′)
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for all s ∈ C. This completes the proof of Theorem 6.3.
7. Applications
In this section, we present some applications of Theorem 6.3. We continue with the notation in Section
6. Throughout Section 7, we assume that M and M ′ are maximal. For σ ∈ Irr(M(F )) and σ′ ∈ Irr(M ′(F )),
we define W (σ) := {w ∈WM : wσ ≃ σ} and W (σ′) := {w′ ∈ WM ′ : w′σ′ ≃ σ′}.
Proposition 7.1. Let σ ∈ E◦u(M(F )) and σ′ ∈ E◦u(M ′(F )) be under the local JL-type correspondence.
Suppose that |W (σ)| = |W (σ′)| = 2. Let ν0 ∈ R be given. Then, under Working Hypothesis 6.1, iG,M (ν, σ)
is reducible at ν = ν0 if and only if iG′,M ′(ν, σ
′) is reducible at ν = ν0. Moreover, ν0 is either 0 or ±x0 for
some positive real number x0.
Proof. If µM (0, σ, w) 6= 0, we have µM ′(0, σ′, w′) 6= 0 from Theorem 6.3. Since |W (σ)| = |W (σ′)| = 2, we
note from [45, Corollary 5.4.2.3] that both iG,M (0, σ) and iG′,M ′(0, σ
′) are reducible. Also, it follows from
[46, Lemma 1.3] that both µM (ν, σ, w) and µM ′ (ν, σ
′, w′) are holomorphic for all ν ∈ R − {0}. Hence, by
[45, Lemma 5.4.2.4], both iG,M (ν, σ) and iG′,M ′(ν, σ
′) are irreducible for all ν ∈ R− {0}.
If µM (0, σ, w) = 0, Theorem 6.3 implies that µM ′(0, σ
′, w′) = 0. So, by [45, Corollary 5.4.2.3], both
iG,M (0, σ) and iG′,M ′(0, σ
′) are irreducible. It follows from [46, Lemma 1.2] that, for ν ∈ R, there exists a
unique x0 > 0 such that µM (ν, σ, w) has a (simple) pole at ν = ±x0. We note from [45, Lemma 5.4.2.4]
that iG,M (ν, σ) with ν ∈ R is reducible only at ν = ±x0. By Theorem 6.3, the same is true for iG′,M ′(ν, σ′).
Therefore, both are irreducible for all ν ∈ R− {±x0}. 
Remark 7.2. If |W (σ)| = |W (σ′)| = 1, both iG,M (ν, σ) and iG′,M ′(ν, σ′) are irreducible for any ν ∈ R due to
[46, Lemma 1.3] and [45, Lemma 5.4.2.4].
For σ ∈ Irru(M(F )) and ν ∈ R, we say that iG,M (ν, σ) is in the complementary series if it is unitarizable.
The following is immediately a consequence of Proposition 7.1.
Corollary 7.3. Assume as in Proposition 7.1. If iG,M (0, σ) is irreducible, then iG,M (ν, σ) is in the compli-
mentary series if and only if iG′,M ′(ν, σ
′) is in the complimentary series if and only if |ν| < x0. If iG,M (0, σ)
is reducible, then neither iG,M (ν, σ) nor iG′,M ′(ν, σ
′) is in the complimentary series for ν > 0.
Remark 7.4. Proposition 7.1 and Corollary 7.3 imply that the reducibility of iG,M (ν, σ) and the edges of the
complimentary series are transferred to those of iG′,M ′(ν, σ
′) for ν ∈ R.
More explicit values of x0 are made in the following corollary which is a consequence of Remark 6.7,
Proposition 7.1, Corollary 7.3 and [42, Theorem 8.1].
Corollary 7.5. Assume as in Proposition 7.1. Suppose iG,M (0, σ) is irreducible. Choose a unique i, i = 1
or 2, such that Pσ,i(1) = 0 (see [42, Corollary 7.6] for details). Then,
(a) the real number x0 in Proposition 7.1 is either
1
2 or 1,
(b) for 0 < |ν| < 1/i, both iG,M (ν, σ) and iG′,M ′(ν, σ′) are in the complementary series,
(c) for |ν| > 1/i, neither iG,M (ν, σ) nor iG′,M ′(ν, σ′) is in the complementary series.
In what follows, we prove that both the reducibility of iG,M (ν, σ) and the edges of complementary series
are invariant on the set Πσ˜(M(F )) when M is maximal.
Proposition 7.6. Let σ1, σ2 ∈ Πσ˜(M(F )) be given. Suppose that |W (σ1)| = |W (σ2)| = 2. Let ν0 ∈ R be
given. Then, under Working Hypothesis 6.1, iG,M (ν, σ1) is reducible at ν = ν0 if and only if iG,M (ν, σ2) is
reducible at ν = ν0. Moreover, ν0 is either 0 or ±x0 for some positive real number x0.
Proof. Fix σ′ ∈ Πσ˜′(M ′(F )) in Proposition 7.1. By varying σ over Πσ˜(M(F )), we have the proposition. 
In a similar way to Corollary 7.3, we have the following.
Corollary 7.7. Assume as in Proposition 7.6. If iG,M (0, σ1) is irreducible, then iG,M (ν, σ1) is in the
complimentary series if and only if iG,M (ν, σ2) is in the complimentary series if and only if |ν| < ν0. If
iG,M (0, σ1) is reducible, then neither iG,M (ν, σ1) nor iG,M (ν, σ2) is in the complimentary series for ν > 0.
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8. A Generalization
Let F be a p-adic field of characteristic 0, and let M be an F -Levi subgroup of a connected reductive
F -group G. Let G′ be an F -inner form of G, and let M ′ be an F -Levi subgroup of G′ that is an F -inner
form of M . In this section, we extend Theorem 6.3 to the case that unitary supercuspidal representations
of M(F ) and M ′(F ) have the same L-parameter under the following assumption.
Assumption 8.1. There exist a finite set V of places of F containing S and all archimedean places, and
two cuspidal automorphic representations π = ⊗vπv of M(A) and π′ = ⊗vπ′v of M′(A) such that
(a) for all v ∈ S, πv ≃ σ and π′v is in the L-packet of σ′,
(b) for all v ∈ V −S, πv and π′v are irreducible constituents of the restriction of an irreducible represen-
tation of M˜(Fv) to M(Fv),
(c) for all v /∈ V , πv and π′v are isomorphic and unramified.
Remark 8.2. This assumption has been fulfilled in Proposition 6.9 when a given Levi subgroup M satisfies
condition (6.1), and generalizes the global Jacquet-Langlands correspondence for GLn to any connected
reductive group.
Now we state the following proposition which is a generalization of Theorem 6.3.
Proposition 8.3. Let σ and σ′ be irreducible unitary supercuspidal representations of M(F ) and M ′(F )
having the same L-parameter. Suppose that Assumption 8.1 is valid and that Plancherel measures are
invariant on the L-packet of σ′. Then, we have
µM (ν, σ, w) = µM ′(ν, σ
′, w′)
for ν ∈ a∗M,C ≃ a∗M ′,C.
Proof. This is proved by replacing Proposition 6.9 with Hypothesis 8.1 from the proof of Theorem 6.3. 
Appendix A. Examples
We continue with the notation in Sections 2 and 6. We give a few examples of an F -Levi subgroup M
and its F -inner form M ′ satisfying condition (6.1) based on the Satake classification [40, Section 3]. In the
following diagrams (Satake diagrams) a black vertex indicates a root in the set of simple roots of the fixed
minimal F -Levi subgroup M ′0 of G
′. So, we remove only white vertices to obtain an F -Levi subgroup M ′
(see [40, Section 2.2] and [7, Section I.3]). We focus on the case that M is maximal (cf. Remark 2.5).
(1) An cases
• • • 	
 • • • 	
 • 	
 • • •ad a2d an−d+1
d−1 d−1 d−1
Set θ = ∆− {αj}, where αj = ej − ej+1 for j = d, 2d, · · · ,md. Note that md = n− d+ 1.
(a) Let G = GLn+1. Note that G
′(F ) = GLm+1(Dd), where n+ 1 = d(m+ 1). Then, we have
M =Mθ = GLm1d ×GLm2d = M˜,
where m1d+m2d = n+ 1. So, M
′(F ) = GLm1(Dd)×GLm2(Dd).
(b) Let G = SLn+1. Note that G
′(F ) = SLm+1(Dd), where n+ 1 = d(m+ 1). Then, we have
M =Mθ = G ∩ (GLm1d ×GLm2d) →֒ GLm1d ×GLm2d = M˜,
where m1d+m2d = n+ 1. So, M
′(F ) = G′(F ) ∩ (GLm1(Dd)×GLm2(Dd)).
(2) Bn cases
	
 	
 	
 	
 •αn−1 +3
Set θ = ∆− {αn−1}, where αn−1 = en−1 − en.
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(a) Let G = Spin2n+1. Then, we have
M =Mθ ≃ GLn × SL2 →֒ M˜ = GLn ×GL2.
So, M ′(F ) ≃ GLn(F )× SL1(D2).
(b) Let G = GSpin2n+1. Then, we have
M =Mθ ≃ GLn ×GL2 = M˜.
So, M ′(F ) ≃ GLn(F )×GL1(D2).
(3) Cn cases
(n: even)
• 	
 • 	
 • 	
 • 	
ks αn
(every other dot black)
Set θ = ∆− {αn}, where αn = 2en.
(a) Let G = Sp2n. Then, we have
M =Mθ ≃ GLn = M˜,
which is the Siegel Levi subgroup. So, M ′(F ) ≃ GLn/2(D2).
(b) Let G = GSp2n. Then, we have
M =Mθ ≃ GLn ×GL1 = M˜.
So, M ′(F ) ≃ GLn/2(D2)×GL1(F ).
(n: odd)
• 	
 • 	
 • 	
 •ksαn−1
(every other dot black)
Set θ = ∆− {αn−1}, where αn−1 = en−1 − en.
(c) Let G = Sp2n. Then, we have
M =Mθ ≃ GLn−1 × SL2 →֒ GLn−1 ×GL2 = M˜.
So, M ′(F ) ≃ GL(n−1)/2(D2)× SL1(D2).
(d) Let G = GSp2n. Then, we have
M =Mθ ≃ GLn ×GL2 = M˜.
So, M ′(F ) ≃ GL(n−1)/2(D2)×GL1(D2).
(4) Dn cases
(Dn − 1)
• 	
 • 	
 • 	

•
	

♦♦♦♦♦♦
αn❖❖
❖❖
❖❖ (n : even)
Set θ = ∆− {αn}, where αn = en−1 + en.
(a) Let G = Spin2n. From [28, 41] we have
Mder = SLn →֒M =Mθ →֒ GL1 ×GLn = M˜.
So, M ′(F ) →֒ GL1(F )×GLn/2(D2) = M˜ ′(F ).
(b) Let G = GSpin2n. Then, we have
M =Mθ ≃ GL1 ×GLn = M˜.
So, M ′(F ) ≃ GL1 ×GLn/2(D2).
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(c) Let G = SO2n. Then, we have
M =Mθ ≃ GLn = M˜,
which is the Siegel Levi subgroup. So, M ′(F ) ≃ GLn/2(D2).
(Dn − 2)
	
 	
 	
 	

•
•
αn−2
♦♦♦♦♦♦
❖❖
❖❖
❖❖ (any n)
• 	
 • 	
 • 	

•
	

αn−2
♦♦♦♦♦♦
❖❖
❖❖
❖❖ (n : even)
Set θ = ∆ − {αn−2}, where αn−2 = en−2 − en−1. Note that, for each M of type Dn − 2, there are two
inequivalent F -inner forms M ′.
(d) Let G = Spin2n. From [28, 41] we have
Mder ≃ SLn−2 × SL2 × SL2 →֒M =Mθ
→֒ GL1 ×GLn−2 ×GL2 ×GL2 = M˜.
So, M ′(F ) →֒ GL1(F )×GLn−2(F )×GL1(D2)×GL1(D2) = M˜ ′(F ) for the upper diagram (any n);
M ′(F ) →֒ GL1(F )×GLn−2(F )×GL1(D2)×GL2(F ) = M˜ ′(F ) for the lower diagram (n : even).
(e) Let G = GSpin2n. Then, we have
M =Mθ ≃ GLn−2 ×GL2 ×GL2 = M˜.
So, M ′(F ) ≃ GL1(F )×GLn−2(F )×GL1(D2)×GL1(D2) for the upper diagram (any n); M ′(F ) ≃
GL1(F )×GLn−2(F )×GL1(D2)×GL2(F ) for the lower diagram (n : even).
(Dn − 3)
	
 	
 	
 	

•
•
αn−3
♦♦♦♦♦♦
❖❖
❖❖
❖❖ (any n)
• 	
 • 	
 • 	
 •
•
•
αn−3
♦♦♦♦♦♦
❖❖
❖❖
❖❖ (n : odd)
Set θ = ∆− {αn−3}, where αn−3 = en−3 − en−2.
(f) Let G = Spin2n. From [28, 41] we have
Mder ≃ SLn−3 × SL4 →֒M =Mθ →֒ GL1 ×GLn−3 ×GL4 = M˜.
So, M ′(F ) →֒ GL1(F )×GLn−3(F )×GL2(D2) = M˜ ′(F ) for the upper diagram (any n); M ′(F ) →֒
GL1(F )×GL(n−3)/2(D2)×GL1(D4) = M˜ ′(F ) for the lower diagram (n : odd).
(g) Let G = GSpin2n. Then, we have
M =Mθ ≃ GLn−2 ×GL4 = M˜.
So, M ′(F ) ≃ GLn−2(F ) × GL2(D2) for the upper diagram (any n); M ′(F ) ≃ GL(n−2)/2(D2) ×
GL1(D4) for the lower diagram (n : odd).
(5) E6 cases
• •
	

	
 • •
α6
α3
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(a) (E6 − 1) Let G be a simply connected group of type E6. Set θ = ∆ − {α3}, where α3 = e3 − e4.
From [28, 41] we have
Mder ≃ SL3 × SL3 × SL2 →֒M =Mθ
→֒ GL1 ×GL3 ×GL3 ×GL2 = M˜.
So, M ′(F ) →֒ GL1 ×GL1(D3)×GL1(D3)×GL2(F ) = M˜ ′(F ).
(b) ((x) in [34]) Let G be a simply connected group of type E6. Set θ = ∆ − {α6}, where α6 =
e4 + e5 + e6 + ǫ. From [28, 41] we have
Mder ≃ SL6 →֒M =Mθ →֒ GL1 ×GL6 = M˜.
So, M ′(F ) →֒ GL1(F )×GL2(D2) = M˜ ′(F ).
(c) Let G be a simply connected group of type E6. Set θ = ∆−{α3, α6}. Then, we have Mder ≃ SL3×
SL3 →֒M =Mθ →֒ GL1×GL3×GL3 = M˜ andM ′(F ) →֒ GL1(F )×GL1(D3)×GL1(D3) = M˜ ′(F ).
Note that (a), (b) and (c) above are all possible types of F -Levi subgroups of M ′.
(6) E7 cases
	

•
	
 	
 • 	
 •α5 α4
(a) (E7 − 1) Let G be a simply connected group of type E7. Set θ = ∆ − {α4}, where α4 = e4 − e5.
From [28, 41] we have
Mder ≃ SL2 × SL3 × SL4 →֒M =Mθ
→֒ GL1 ×GL2 ×GL3 ×GL4 = M˜.
So, M(F ) →֒ GL1(F )×GL1(D2)×GL3(F )×GL2(D2) = M˜ ′(F ).
(b) (E7 − 4) Let G be a simply connected group of type E7. Set θ = ∆ − {α5}, where α5 = e5 − e6.
From [28, 41] we have
Mder ≃ SL6 × SL2 →֒M =Mθ →֒ GL1 ×GL6 ×GL2 = M˜.
So, M(F ) →֒ GL1(F )×GL3(D2)×GL2(F ) = M˜ ′(F ).
(7) E8, F4 and G2 cases
Any connected reductive algebraic F -group G of type E8, F4, or G2 does not have non quasi-split F -inner
forms of G (see Proposition 2.6).
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